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THE L 2 VOLUME OF THE SPACE OF HOLOMORPHIC MAPS 
FROM KAHLER RIEMANN SURFACES TO CP fc 

CHIH-CHUNG LIU 


Abstract. We prove the conjectural formula for the L 2 volume of the space 
of degree r holomorphic maps from a compact Kahler Riemann surface of genus 
b to CP fe . This formula was posed in [B] and rigorously verified in |Sp| for a 
special case using independent techniques. 


1. Introduction 

Given a closed Riemann surface E of genus b with compatible Riemannian 
metric with Kahler form oj, we study the space TL r ,k, or the space of degree r 
holomorphic maps from E to CP fc . This space has generated great interest in 
topological held theory, in which TL r .k is the moduli space of charge r CP A lumps 
on E, or the static solitons to held equations of CP fc model on E within the 
topological sector r. From the variational point of view, holomorphic maps are 
precisely the minimizers to the L 2 energy functional 

E{4>) = I \\d(p\\ 2 dvolz, 

where the norm above will be defined in section 2. The volume of TL r ,k with 
respect to the L 2 metric defined by the energy functional is a vital quantity in 
studying the dynamics of solitons. With a clear understanding of the volume 
growth, the equations of classical gas of lumps may be deduced and motions of 
solitons at low energy may be approximated. See [M] . [Sj, or |Sp| for further 
details. 

A plausible formula for the L 2 volume of "H r ^ has been conjectured in [Bj and 
rigorously verihed in |Sp| for the case (r, b ) = (1,0) (ie. degree 1 maps on § 2 ). In 
this paper, we conhrm the validity of the formula in general. 

Theorem 1.1 (Main Theorem). The L 2 volume ofH r ,k Is 

(fc + l) b 

q\ 

where q = b + (k + l)(r + 1 — b) — 1 and b is the genus of E. 

Throughout this paper, we make the universal assumption r > 2 — 2b that 
ensures TL r ,k to be a nonempty complex manifold. 

l 



2 


CHIH-CHUNG LIU 


2. Preliminaries 

In this section we aim to provide a concrete description of the space T-L r ,k as 
a complex manifold of finite dimension, equipped with the standard L 2 metrics 
on maps. Theorem 12.61 the main result of this section, is an easy consequence of 
results from [Mi] , [Gr] . and (EM], To ensure that the L 2 metric is meaningful, 
we assume that the images of the holomorphic maps discussed here are non¬ 
degenerate, that is, they do not lie in any hyperplane. 

For clarity, we first list several basic and well known definitions of the objects 
used in this article and their basic properties. Readers familiar with these notions 
may skip to Theorem 12.61 and consequences following it. The elementary building 
block for various moduli spaces is the r symmetric product of E. For Riemann 
surface E, it is equivalently the space of unordered r-tuple of points on E, or the 
space of effective divisors of degree r. 

Definition 2.1 (Symmetric Product). Given the r-fold direct product of E, we 
define 


SyrrfY, := E x ... x E/ ~, 
where the equivalent relation is given by 

(.Pi, • • • iPr ) ~ (P<r(l)> • • • iPa(r))i 
with cr g S r , the symmetric group. 

Elements of Sym r E are denoted by E = E r i=1 Pi, where Pi s need not be distinct. 
It is a standard fact that Syrrf E is a complex manifold of complex dimension r. 
The local holomorphic coordinates are given by elementary symmetric functions. 
(See, for example, |Gr| ). 

The space Syrrf E is closely related to the space of nonzero meromorphic func¬ 
tions on E of degree r, or K*( E). Since E is compact, any / E K*{ E) has r 
poles and r zeros, counting multiplicities. Each meromorphic function is then 
associated with a pair of disjoint effective divisors of degree r: 

(/) = (/)0 - (/)oo, 

where (/) 0 , (/) Q0 G Syrrf E. The converse statement is the classical Abel’s The¬ 
orem, that a pair of disjoint effective divisors of the same degree gives rise to a 
meromorphic map as above if they have the same value under the Abel-Jacobi 
map. Precisely (cf. Chapter V of [G]), 

Definition 2.2 (Abel-Jacobi Map). Given {cuj}^ =1 , the C-basis of the space of 
holomorphic one forms on E , we define 

fi : Div( E) —» J(E) 

as follows. For E = E l i=l Pi G Div(T,), we have 
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H(D) 


/Ei-iJT" A 


( 2 . 1 ) 


Here, g is any point outside the support of D, and J(E) is the Jacobian torus of 
E, or the quotient of C b by the Z-span of row vectors of the b x 2b period matrix 
of E, (cjj( 7 j)), where {y^} is the basis for Hi(E,Z) ~ Z 26 . 


One notes that the quotient space eliminates the ambiguities of the definition of 
y in (12.11) . 

A few well-known properties of y are relevant for the discussions of this section 
(see Ea for details): 

• If E~ E' : that is, E - E' = (/) for some / G AT(E), then y(E) = y(E'). 

• y is holomorphic on SynfE. 

• yr\n{E)) = \E\ := {F G Div(E) \ F ~ E}. 

The third fact in particular implies that the fiber of y at each y(E) G J(E) is the 
projectivization of the vector space 


C(E) := {/ G K(Y) | (f) + E> 0}. 

For r > 26 — 2, Riemann-Roch Theorem implies that for all E G Sym r Y, C 
Div(T,), the fiber of y at y(E) is a projective vector space of dimension r — b. 
Therefore, Sym r Y> is a vector bundle of rank r — b over the Jacobian torus J(S) 
with the projection map y. 

We can now state the sufficient condition for the difference of a pair of divisors 
to be principal. 

Theorem 2.3 (Abel’s Theorem). Given a pair ( E,E') G Sym l T, x Sym l T, with 
y(E) = y(E'), there exists f G iF^E) so that ( f) = E — E'. 

The map / is unique up to multiplication of a non-vanishing holomorphic map. 
For compact Riemann surface, it is then unique up to a nonzero multiple. 

We are now equipped with sufficient language to describe the space 'H r y z . In 
[EM], a complete description was provided, without explicit proof, for the space 
of based holomorphic maps from E to CP fc . 

Definition 2.4. Given po G E and go G CP fe , we define the space of based 
holomorphic maps, ' H * k , to be the subset of 'Hr.k of all maps sending p 0 to go- 

Proposition 2.5. The space Ti* k can be identified with an open set subset of 
k + 1 direct product of Sym r T, given by 


H* rk := {( E 0 ,..., E k ) G Sym r Ex- • ■xSym r E | n jE d = 0 and y(E 0 ) = y(Ej) V j}. 

Proof. Given / G TL* k , since /(E) is nondegenerate, it is a curve of degree k in 
CP fc . Let Hi be the hyperplane of CP fc defined by the canonical section Sx of 
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0( 1). In local coordinate, points of H i is of the form [0 : z± : ... : Zk]. Then, 
counting multiplicities, we have 

H 1 (]fp) = {q 1 ,...,q k }. 

Since / is nondegenerate, qi ,..., q k are in general position in CP fe_1 , and we may 
define coordinate patches of CP fc so that each qj has homogeneous coordinate 

[<Mi=0, 1 < J < k. 

For each j G {1,..., A;}, let Ej := / _1 (gj). Since / is of degree r, it follows 
that Ej G Sym r E. For j = 0, we let I?o := / -1 ([1 : 0 : ... : 0]) G Sym r T,. We 
must show that the tuple (Eq, ..., Ek) satishes the condition of the open set given 
above. It is clear that E 0 fl (fl k j =1 Ej) = 0 since f(Ej) C H\ for all j > 1 and 
therefore r\j =0 Ej = 0. For the level set conditions, it suffices to observe that all 
divisors given above are linear equivalent. Indeed, define 7 G Jl(CP fc ) by 

TTji{[z 0 : : z k ]) := 

Each 7Tjj is globally dehned on CP fc and therefore 7 Tji o / G iF*(E). Moreover, 
with the choice of coordinates associated to qj ’s above, it is clear that for all j, 

(TTjo ° f) = E 0 - Ej. 

It then follows that all divisors chosen above are linearly equivalent. 

Conversely, given (E 0 ,.. ., Ek) satisfying the conditions of the open subset. 
Abel’s Theorem ensures that for each j > 1, there exists fj G K* (E) such that 
(fj) = Ej — E 0 , unique up to a nonzero multiple A j G C*. Since / is a based map, 
the constant multiples A j are completely determined. We define the corresponding 
map / coordinate-wise by 




This map is holomorphic away from E 0 . However, near each point of E 0 , we 
may holomorphically extend / across the singularities by multiplying the poles of 
minimum order of vanishing (See [Mi] for details), obtaining a holomorphic map 
from £ to CP fc . / is clearly of degree r, since / -1 ([0 : 1 : ... : 1]) = E 0 G SyrrfE. 
The two associations constitute a one-to-one correspondence between and 

£ 7 * 

^ r,k * 

□ 


Lifting the restriction on based maps corresponds to the freedom of choosing 
(Aj)^ =1 G (C*) xfc and we have established 

Theorem 2.6. T~L r ,k is diffeomorphic to T~L* k x CP fc ; where T-L* k is defined in 
Proposition \2. ,51 


Proof. In the proof of Proposition 12.51 the function / dehned by (Ej) G PL* k is 
unique up to a choice of k + 1 nonzero constants (including 1). Moreover, the 
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choice of these k + 1 constants define the same f if they he on the same line in 

C fc+1 . □ 

The complex dimension of 'H r ,k can be readily computed. 

Lemma 2.7. PL r ,k is cl complex manifold of complex dimension 

(k + l)r — k(b — 1). 


Proof. It suffices to show that the space of based maps Pl* k is of dimension 
(k + l)r — kb, since the remaining summand in the conclusion of Theorem 12.61 
contributes k to the dimension. Note that Pl* k is the submanifold of a (k + 1 )r- 
dimensional manifold deffired by the linear map s : (Sym r "E) x ( k+1 ' > —> (J(S)) fc 
given as, 


S (E 0; Ei ,..., E k ) := (/i(ifi) — p(E 0 ),..., y(E k ) — p(E 0 )). 

It suffices to show that s is of rank kb at every point on the inverse image of 0. 
Indeed, consider the linear map A : SynfYi x Sym r Y* —> J(£) defined by 

A {E,E')=y{E)-y{E'). 

From the third property of the Abel-Jacobi map listed immediately after Defini¬ 
tion 12.21 we see that the inverse image of 0 is precisely 

{{E,E')\E’e\E\}, 

which is of dimension r + dim \ E\ = 2r — b by Riemann-Roch Theorem (note 
again r > 2 — 2b). The rank of A is then 2r — (2r — b) = b and therefore each 
component of s contributes rank b to the entire map. This completes the proof. 

□ 

The space PL r ,k is not compact and is potentially problematic when discussing 
convergence of integrals over it. As such, we introduce the well known Uhlenbeck 
compactihcation of Pir^ and will later discuss the convergence of integrals over 
this compact set. The following description is summarized from |B-D-W| : 

Definition 2.8. The Uhlenbeck compactification of PL r ^ is defined by 

r 

PL r ,k '■= LJ [Sym l E X Ur-l,k\ , 

1=0 

where PL r -i,k is the space of degree r — l holomorphic maps from £ to C¥ k . 

The topology of Plr.k is given by weak* topology on Sym l E and Cf° topology on 
'H r —i t k- Precisely, for each ( E, /) e T-L r ,k , we associate the distribution e(f) + Se, 
where e(f) = \df\ 2 the energy density and 5e is the Dirac distribution supported 
in E. Around ( E,f ), there are two local bases of neighbourhoods of topologies: 
one basis W of e(/) +5e in the weak* topology and one basis N of f in C“(£ E ). 
Collecting them together, we form a basis of neighbourhoods 
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V(E, f ) = {(£', /') G U,, k \E' eW and /, G N}. 

In [FETT] . it was shown that with this topology is compact. Since Ti r , k is 
open and dense subset of Ti rtk , it is indeed a smooth compactihcation of Ti r _ k . 
In our main result, we will derive the convergence statement of integrals on T-Lr.k 
and ensure that the complement does not contribute to the integral. One notes 
that for l = 0, this topology degenerates into topology of functions, which 
coincide with the subspace topology inherited from the direct sums of symmetric 
products. Indeed, the locations of zeros determines the smooth topology as well 
as the energy densities. Moreover, the smooth structure of symmetric spaces 
provides a natural smooth structure for Ti r ,ki namely, the C°° topology controlled 
by the locations of the zeros. 

We may describe Ti rk with explicit coordinates. We observe that Ti r ^ is a closed 
submanifold of (SJ/m r E) x ( fc+1 i x CP A: . The component from symmetric products 
determines the zeros from k + 1 meromorphic functions on E, a total of k + 1 
unordered r-tuples of points from E. With the k constraint equations by Abel- 
Jacobi maps of rank 6, it follows that there are m = r{k + 1) — kb points from 
(Sym r E) x ( fc+1 ) that determine the correct zeros of each meromorphic function 
up to a free choice of point in CP A . Ti r ,k therefore possesses local coordinate 
description 

(w 1 ,...w m ,w m+1 ,...,w m ), (2.2) 

where the coordinates (w i,.. .w m ) is the local coordinate of the submanifold of 
(Sym r E) x ( fc+ b defined by Abel-Jacobi equations and (w m+ i,... ,w m ) is the local 
coordinate for CP fc . Here, m = (k + l)r — k(b — l) as in Lemma 12.71 (12.21) is also a 
local coordinate for the open subset Tir^, with the additional open condition that 
(wi,.. .w m ) does not yield meromorphic functions with common zeros or poles. 

Lastly, we define the L? metrics on Ti r)k with respect to the Kahler metric u on 
E and Fubini-Study metric on CP fc . Given / G Ti r the tangent space of Ti r , k at 
/ can be identified with the space of sections of the pullback bundle of TCP fc_1 
via /: 


T f U r , k ~ T(f*TCF k ~ l ). 

Given u,v G TfTL r , k , they can be viewed as a pullbacked sections on E, which can 
be pushed forward by / to be tangent vectors on CP fc_1 , on which Fubini-Study 
metric can be applied. We define 

Definition 2.9 (L 2 Metrics on T-L r ,k)- The L 2 metric on Tir.k is given by 

(u,v) L2 :=J (f*u,f*v) FS vol-£. (2.3) 

Here, the /* denotes the pushforward of /. 

With respect to this metric, we aim to verify the conjectured formula for the 
volume of Ti r:k . 
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3. Vortex Equations and Its Moduli Spaces 

We hereby provide a brief summary of the s-vortex equations and its moduli 
spaces. Standard texts and papers for this subject include jJ-T] . [Sj, [R], [MJ (of 
more physical interest), [Brj, |Brl], [Gj, and jB] (of more mathematical aspects). 
The conclusion below is drawn directly from [Lj, which contains a comprehensive 
summary the standard texts. 

On the same Riemann surface defined above, we consider a Hermitian line 
bundle (L, H) with degree r > 2 — 2b possessing smooth global sections. For 
each feN and s G M, the s-vortex equations are defined on (D , 0o,..., 0*,) G 
A(H) x (n°(L)) x ^ fe+1 \ the product of the space of //-unitary connections and 
k + 1 tuples of smooth sections, we have the s—vortex equations 

( F { ^ 2) = 0 

< /}(0,1)0 = o (3.1) 

[^AF D + 4(Etol«-l) = 0. 

Here, Fo is the curvature form of the connection D. We use 0 to denote a 
(k + l)-tuple of sections (0j)jL o and the second equation is an abbreviation that 
//(°’ 1 )0 i = 0 Vi. Via Bogomolny-type arguments, the set of equations are precisely 
the minimizing equations the s-Yang-Mills-Higgs energy functional: 


YMH t . s (D ,0) 


f d iiL +ViW‘l 


2=1 


2 5 

+ 4 


L 2 


i^i H ~ 1 


2=1 


L 2 


(3.2) 


The solution space to (13.11) is invariant under unitary gauge action, and we let 
u k+ i (s) be the U( 1) gauge classes of solutions to (13.11) . Elements of this space are 
called vortices. For a line bundle L, it is well known that the stability condition, 
or the non-emptyness of v k +i (s), is simply 


s 2 > 


47rr 
vol E 


Note that we intentionally define k+ 1 sections for vortex equations to accommo¬ 
date the main theme of this article, the space of holomorphic maps to CP fc . It has 
been noted in |B-D-W| and [BJ that 'H r .k is diffeomorphic to the open subset of 
u k+ i(s), denoted by ^fc+i,o(s), consisting of vortices with k + 1 having no common 
zeros: 


*4+1,0(s) := {[D, (0i)i =0 ] 6 Pfc+i(s) | n* 0i x (0) = 0}. 

We have, 

Theorem 3.1. For all s such that s 2 G [ voi(E) ’ °°) ? there is a diffeomorphism 


: Tdr, k Pfc+l,o( s )- 
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Proof. ( Sketch ) We provide only the definition of <F S as a reference for later con¬ 
struction. For complete proofs and justifications, see DS for the case s = 1 and 
[L] for generalization to all s. 

The inverse direction of <f> s is more obvious. For [D,<p] G * 4 + 1,0 (s), we define 

^([A 4>]){z) ■= H z ) = [M z )>■■■,M z )\- 

The map is well defined as 0j(z)’s are never all zero. Moreover, on a 1/(1) bundle, 
the transition map multiplies each section by a uniform nonzero scalar, having 
no effect on the definition of 0. Since each component is holomorphic near every 
zGS and has order of vanishing r, $0 1 ([.D, 0)] is indeed an element of PL r *.. 

The forward direction is also a standard construction in algebraic geometry. We 
start with a holomorphic map 0 G 'H r ,k- Consider 0^(1), the anti-tautological 
line bundle over CP fc with hyperplane sections sq, ..., Sk- Each s 3 vanishes pre¬ 
cisely on the hyperplane defined by Zj = 0. Let L = <f*O cv k(l) be the pullbacked 
line bundle on £ endowed with sections 0 = (0o,..., 0/0 G 0°(L)®( fc+1 ) by pulling 
back s\,... ,Sk via 0. The map 0 also endows a holomorphic structure Bl and a 
background metric H on L by pulling back the standard complex structure and 
Fubini-Study metric Hps on 0Qpfc(l), determining a corresponding background 
unitary connection D. We then find a suitable complex gauge transformation 
turning (D, 0) into a pair that solves the vortex equations 08.11) . On a line bun¬ 
dle, such a transformation is given by a nonzero real smooth function g s = e Us , 
acting on (D, 0) in the standard ways: 

g a -D = D(e v '(5 L e- v ')) := D s , 

and 

9 s ' 02 ^ 02 • 02 ,S • 

Let (j> s = ((pi,s)i=o- Pl u ggi n § (D s ,(f> a ) into (I3.ll) . we see that the function u s must 
satisfies the following Kazdan-Warner type equation: 

- A+ y Y, 1^1 H e2Ua + (v^A Fh -j)=0. (3.3) 

2 = 0 ' ' 

Here, A u is the positive definite Laplacian determined by to. It has been 
shown in [Brj (for s = 1) and |L) (for general s) that equation (13.31) has a unique 
smooth solution provided that s is large enough. The analytic tool used to solve 
u s is developed in [K-W] using the method of super and sub solutions. We 
will mention more details in the next section. That the two correspondences 
are smooth inverses to each other is verified in |Br] and [Lj via straightforward 
arguments. 

□ 

With this correspondence, the entire vortex moduli space can be identified 
without difficulty. For a general vortex [D,<p] G z 4 + i(s), we first locate the 
common zeros of the 00s, an element E G Sym l Y> for some l G {0,... ,r}. The 
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k + 1 sections define a holomorphic map from E to CP fc in identical way as cf*" 1 . 
This is map is bounded away from E, and can therefore be uniquely extended to 
the entire £ by locally dividing out the zeros of minimum order of vanishing near 
each common zero. The holomorphic map defined is then of degree r — l. See 
|B-D-Wj and (Mij for details. We have 

Proposition 3.2. The vortex moduli space v k (s) is diffeomorphic to the Uhlen- 
beck compactification of TL r ,k '■ 

r 

U r ,k = LJ (Sym l Ti x U r -i,k) ■ 
i =o 


The L 2 metrics for Z 4 +I (s) is also defined naturally. At (D s ,(j) s ) G A{H) x 

n °( L ) x (fc+ i ) ) we define 

Definition 3.3 (L 2 Metrics on Vk+i (s)). 

g s ((A s ,4> s ),(A s ,4> s ))= -^A s a*A s +< 4 > s ,4> s > h voix. (3.4) 

Here, (A s , (f s ) denotes a tangent vector in T{p s ^{A{H) x fi 0 (L) xfc+1 ) ~ M 1 (£) x 
n°(L) x ( fc +' 1 ), and = Yli=o The identification is justihed by 

the fact that h2°(L) is a vector space and A(H) is an affine space modeled on 
the vector space H 1 (£), the space of complex valued one forms on £. (cf. Chap¬ 
ter V of H). This identification also justifies the applications of Hodge star * 
and < • >h in the integrand of (13.411 . since (A s ,(j) s ) lies in essentially isomor¬ 

phic spaces as (D s , (j> s ) does. By choosing tangent vectors orthogonal to Q- gauge 
transformations, (13 .4 p descends to a well dehned metric on the quotient space 
(A(H) x H°(L)®^ +1 )) IQ and restricts to the open subset ^fe+i, 0 (s) (cf. ^). 
With respect to this metric, Baptista has explicitly computed the formula for the 
volume of Vk+i (s) in |B] . generalized directly from |M-N| : 

Theorem 3.4. For a degree r Hermitian line bundle L over a closed Kahler 
Riemann surface £ of genus b, where r > 26 — 2, the L 2 volume of the vortex 
moduli space Z 4 +I (s) is given by 


where 


Volu k+1 (s) 


£ 


b\(k + l) 6- * 
i\(q — i)\(b — i)\ 



( 


VolT 


47r 


q-l 


(3.5) 


q = b + (k + l)(r + 1 — b) — 1. 

The method for the construction of this formula is to realize u k +i(s) as a fiber 
bundle over the moduli space of holomorphic structures, which are identified with 
the Jacobian torus. The Kahler form of the L 2 metric (13.41) can be decomposed 
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into parallel and horizontal components in terms of characteristic classes and 
fiberwise integration is performed to obtain the formula. 

The asymptotic behaviours of Uk+i (s), (13.41) . and (13.51) as s —* oo are our 
main interest. One observes that in the s —vortex equations (13.11) . the only s 
dependence lies in the third equation. As s increase, the curvature term in the 
third equation becomes negligible compared to the section terms and we may 
formally define the vortex moduli space at infinity, z 4 . + 1 (oo), to be the unitary 
gauge class of solutions to 


( 4 °’ 2) = 0 

I L>(°4)0 = o (3.6) 

[T.LoWh ~ 1 =°- 

It is then immediately clear from the third equation in (13.61) that no k + 1 tuples 
of sections in z/ fc+ 1 (oo) vanish simultaneously. We have * 4 + 1 ( 00 ) = i 4 + 10 (oo). 
Moreover, (13.61) indicates that solutions to these equations consist of precisely 
pairs of unitary connection D and k + 1 D-holomorphic sections with image in 
the unit sphere § 2fc+1 . Modulo gauge transformation, each vortex at s = oo then 
defines a holomorphic map from E to CP fc in exactly identical way provided in 
the proof of Theorem 13. 1 1 We have a diffeomorphism 


$oo • T~tr,k t (oo) 

defined with precisely the same way as A naturally plausible attempt to 
compute the L 2 volume of T-L r ,ki as conjecturized in [B], is then to let s —» oo in 
(13.51) . With the established result in [L| that the L 2 metric (13.41) converges to the 
L 2 metric (12.31) in the sense of Cheeger-Gromov, we aim to further establish the 
fact that formula (13.51) is true at s = oo. 


4. Convergence of Moduli Spaces and Their Metrics 

We provide a brief conclusion of solving u s using techniques developed in |K-W| . 
which are important tools for the main constructions of this article. We recall 
equation (13.31) . the PDE characterizing solutions to vortex equations: 


- A uUs + y 1^1 H e2Us + (V^IA F h - =0. (4.1) 


i=0 N ' 

Solving this equation is equivalent to solving the Kazdan-Warner equations in 
pGWj in the following ways. Normalizing the Kahler metric c o so that Vol u Y, = 1, 
consider 


c(s) 


2 J (^/^1AF h - ^0 dvol u 


2 


yf—IAF h uj — s 2 = 2ci — s 2 , 
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where Ci = / v yf—1 AF h uj is independent of s and H. Consider if, the solution 
to: 


= (y/^lAF h - S ~Pj ~ ^ - ffi, (4.2) 

which is clearly independent of s. Here, A w is the Laplacian operator with respect 
to the Kahler form oo. Setting ip s := 2 (u s — ip), one can readily see that u s satisfies 
( 14 . 11 ) if and only if ip s satisfies: 



2 

H 



This is of the form: 




c(s ) = 0. 


A(p s 



e Vs + c(s), 


with the strictly negative norm function 


(4.3) 


(4.4) 


k 

h = — |0i|^e 2 ^ (4.5) 

4=0 

and c(s) < 0 for s in appropriate range. Lemma 9.3 in |K-W] guarantees the 
unique solution to exist using the method of super and sub solutions, a conse¬ 
quence of the maximum principle applied to the operators L s := A UJ — s 2 kI, where 
k > 0 is a constant determined by h. In |K-Wj . sufficient conditions to solve (14.4|) 
are merely h < 0. However, to obtain further uniformity and convergent behav¬ 
iors of u s over s requires h < 0, which depends crucially on the non-simultaneous 
vanishing of the k + 1 sections. In [L], th e author has proved 

Theorem 4.1. On a compact Riemannian manifold M without boundary, let C\ 
be any constant, c 2 any positive constant, and h any negative smooth function. 
Let c(s) = Ci — c 2 s 2 , for each s large enough, the unique solutions (p s G C°° for 
the equations 


A tp s = c(s) — s 2 he ifs . 

are uniformly bounded in all Sobolev spaces. Moreover, in the limit s —> oo, p s 
converges smoothly to 


the unique solution to 


Poo = log 


C2_ 

-h 
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The theorem is an independent analytic result with the additional benefit that it 
holds on general compact Riemannian manifolds of any dimension and complex 
structure is not necessary. In particular, the uniformity of Kazdan-Warner equa¬ 
tions can be deduced from this theorem with c± = f E \Z-lAFffdvols and c 2 = 1. 
Theorem 14.11 is proved by explicitly constructing the family of approximated so¬ 
lutions v s that approach <p^ smoothly and moreover, the difference of v s and ip s 
approaches zero in any Sobolev norm. The family of approximated solutions is 
given by 


v s : = log 


( ^ (-log(-fr)) 

\ — s 2 h 



with the family of error terms 


so that 


E s := A, 


( Ao; (-lQg(-h)) 

V s 2 



(4.6) 


(4.7) 


AojUs = c(s) = s 2 he Vs + E s . 

The two families v s and <p s satisfy the following lemma: 

Lemma 4.2. For all l G N, the family of actual and approximated solutions to 
the Kazdan-Warner equations (14.41) . ip s andv s , we have 


lim || <p s - v s \\ H i t00 = 0, 

s—>oo 

where H l ’°° is the Sobolev space of order l and exponent oo. 

The lemma will again be a crucial part of the main result of this paper. The 
complete proof is summarized in the next section. 

The convergence result and its proof may be directly applied to prove a conjec¬ 
ture on convergence of L 2 metrics of vortex moduli spaces (13.41) to the ordinary 
E 2 metric on maps (12.31) . posed in |BJ and proved in |Lj. The convergence holds 
in the sense of Cheeger-Gromov: 

Definition 4.3 (Cheeger-Gromov Convergence). For all l G N and p > 1, a 
family of n-dirnensional Riemannian manifolds (M s ,g s ) is said to converge to 
a fixed Riemannian manifold (M, g ) in Ft l,p , in the sense of Cheeger-Gromov, 
if there is a covering chart {C4, (a^)} on M and a family of diffeomorphisms 
F s : M —y M Sl such that 


_3_ d \ 

dxi ’ dxj J 

as s —* oo, for all k and i,j G {1,..., n}. 

We have 


K(s, 


d a 


dx^ dx. 


-)• 0. 


H l ’P(U k ) 


(4.8) 
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Theorem 4.4 (Baptista’s Conjecture). Equipping CP fc with the Fubini-Study 
metric, the sequence of metrics g s on Z4 +Ij0 (s) given by (13.41) converges in all 
Sobolev spaces, in the sense of Cheeger-Gromov, to the L 2 metric < - > F 2 on 

Ei r ,k given by (im The family of diffeomorphisms are precisely 4> SJ as con¬ 
structed in Theorem, \3 . 1\ 

Proof. ( Sketch) 

We provide a brief outline of the proof in [L] with some adjustments to the 
notations. Fix 0 G TL r ,k- Pick canonical hyperplane sections sq, ... ,Sk with 
constant Fubini-Study norm 1. On the pullback line bundle L = 0*0(1) with 
pullback metric H locally given by 


H{z) = f*H FS (z ) 


1 

E?=ol<M-)f 


the pullback sections (0j = (j)*Sj) k =0 are of constant //-norm 1. As in section 3 
these initial data give rise to the norm function h and the special gauge function 
u s that lead to the solution of vortex equations. Infinitesimally, given a tangent 
vector G T-fH r ,k — r(0*TCP fc ), there are corresponding infinitesimal variations 
of metric and gauge function, denoted by H a and uf. Moreover, there are k + 1 
sections 0“ := (0"), identified with via the pullback of the Euler sequence on 
C¥ k via 0. With these, we identify the pushforward of via <f> s : 


*.,.(!«) = (AMt) 

/ du a \ 

— ( A a + 2-^f-dz, e Us (j) a + e Us u^(j)J G T^Ds^Tk+ipis), 

(4.9) 

where A a is the initial tangent vector of the connection form induced by Given 
£onf ,/3 £ TjfH r ^k, the pullback metric g* at 0 are then determined by an m x m 
matrix of smooth functions given by 

■- ‘I, (4... (Lj-V,. (vj) 

f (- 4 “ + 2 ^) Go + 2 #) 

= f -2?- 

+ J ((r,<y) H e 2 “' + w«^ 2 “')P°fe. 

(4.10) 

A fact implicitly used in this formula is that the sections 0 and the metric H 
are chosen so that the sum of the H norms of 0’s are constant, and therefore 
< 0, <f a >h= 0 V<x 

Recall that <p s = 2 (u s — 0), where 0 is the solution to 
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Au'ip = v/^lA F h - ci, 

and the background sections are chosen so that e 2Us = —he^ 3 , (Id.101) can be 
rewritten as 


s', (Lie) 



JY 


(4.11) 

The pointwise definition of g* extends naturally to a smooth function near qb. 
Take an open neighborhood U near 0 with local coordinate {uq,..., w m } centered 
at <j) as described in (12.21) . Let {£;,... , £ m } be the corresponding frame of TT-L^k 
over IA. Each holomorphic function fj £ U yields a unique set of background 
metric, sections, and gauge function depending smoothly on variation of holo¬ 
morphic functions. The functions H , 0, h, <p s and u s in the integrand of (14. lip 
are therefore understood to be smooth functions defined on WxE, and we amend 
these notations to H, -0, h, (p s and u s to reflect their dependencies on wi ,..., w m . 
The formula (14.111) then defines m x m smooth functions on U\ 


9 a,/ 3 ,s 



A c 


+ ¥ + 2 T 



dvoU 


+ / [(0V0% (-he**) - (he^) a u9\ dvol s . (4.12) 
Jy 

The proof of Theorem 14. II is then mimicked to show that the first and third terms 
in the integrand of (14.121) converge to zero and he Vs —>■ 1 smoothly as s —> oo, at 
all points on U. 

□ 


To this end, we have established that g* is locally represented by a finite col¬ 
lection of smooth functions, each converging smoothly, as functions on W, to the 
finite collection of smooth functions representing the ordinary L 2 metrics. To es¬ 
tablish the convergence of volumes, we must show that the volume forms induced 
by each g* converses to the volume form induced by the L 2 metric in L l {U) as 
s —y oo. An obvious challenge comes from the fact that singularities for ip s may 
develop near the boundary of the non-compact set U corresponding to vortices 
with common zeros. In such situations, pointwise convergence of volume forms 
does not necessarily imply that integrals, namely the volume, converge to the 
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integral of the limiting volume form. However, the next section assures that the 
convergence in integral continues to hold. 

5. Main Constructions 

In this section we establish the main theorem of this article. 

Theorem 5.1 (Main Theorem). The L 2 volume ofPL rk is 

Q k + l) b 

q\ 

where q = b + {k + l)(r + 1 — b) — 1 and b is the genus ofT,. 

The theorem follows from several technical computations. Since the spaces dis¬ 
cussed in the Main Theorem are open, where boundedness conditions required 
for the convergence of integrals are more difficult to achieve, we wish to establish 
the result on the compactifications of these spaces, noting that compactihcations 
do not affect the L 2 volumes. 

Proposition 5.2. With respect to the L 2 metric defined in (I3.4|) . we have 

Volu k+1 (s ) = Volv k+lfi (s), 

for all s large enough. 

Proof. The proposition is an immediate consequence of Propositions 13.21 and 
Lemma [2.71 We recall the diffeomorphic correspondence 

r 

u k+1 (s) H = \_\Sym l T, x Ho/ r _ z (£, CF k ). 

1=0 

Let 1 4 - + 1 ) ;(s) be the class of vortices with common zeros a divisor of degree /, 
which corresponds to the I th stratification above. Lemma 12.71 then implies that 
v k+ \j(s) is of dimension 


k{r — b + 1) + r — kl, 

and therefore is of strictly lower dimension than z/fc+i^s) for all l > 0. 

The arguments are valid for all s large enough, including oo, and the proposition 
is therefore established. . □ 

This proposition implies, together with (13.51) . that 


b 

Volu k+lfi (s ) = ^ 

i=0 


b\(k + l) b * 
i\(q — i)\(b — i)! 




where q — b + (k + l)(r + 1 — b) -= 1 , which implies that 


VolTir^. = VolPlr k . 


(5.1) 


( 5 . 2 ) 
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Therefore, we may compute the volume of the compactified spaces, where L p 
convergence is more feasible. To discuss convergence on the compactified domain, 
we first construct smooth extensions of the basic functions and forms that give rise 
to metric functions g a ,p,s■ Throughout the entire constructions below, we reserve 
a,/3 G {1 as indices for coordinates of the finite dimensional manifold 

'H r .k (u>i,.. ■, Wm) described in (12.21) . Moreover, we adopt the notation to 
denote the derivative, or the infinitesimal variation of an object /, induced from 
the a th component of the local frame of TTL r)k . 

Proposition 5.3. The curvature Fh given by the pullback metric H can be 
smoothly extended to a family of ( 1,1) form on X smoothly parametrized by TL r ,k- 


Proof. We first extend the domain of the pullback metric H to 'H r , k x £. One 
notes that TL r ,k is identified with 


H r , k := {(E 0 ,..., E k ) G Sym r Tj x • • • x %m r X | p(E 0 ) = p(Ej) Vj} x CF k . (5.3) 

Namely, it is Pi r ,k without the open condition fl jEj = 0. Each (Eq, ..., E k ) G H rk 
is associated to an element in / H r j z as follows. Let 


n E n E 

E := n jEj = ^2 d aPa with ^d a = l. 

a= 1 a= 1 

Evidently, E G Sym l T, for some l. For each j, let Ej = Ej — E. The tuple 
(Eq, ..., E' k ) then have no point in common and still satisfies the defining equa¬ 
tions for TLr.k (and TL r ,k-) It then dehnes a holomorphic map : X — y CP fc of 
degree r — l as in Proposition 12.51 We then consider the pullback of Fubini-Study 
metric via (j>E with the locally defined function: 


H'(E 0 ,...,E k )(z) = 


EtJfeWI 2 ' 


(5.4) 


This metric is defined on the line bundle L = f* E (0( 1)) over X with degree r — l. 

The definition of the family H' clearly agrees with E[ originally defined on 
Tir } k X £ with E = 0. The corresponding family of curvatures forms is then 
locally given by 


Fg, ddlogH 1 . (5.5) 

Fg/ is clearly smooth and we claim that it is a smooth extension of Fh- Indeed, 
for E = Ea=i n aPa, pick a neighborhood U of X so that U fl E — {p a }- On 
U — {p a }, we consider tuples of divisors 

K = (K 0 ,..., K k ) 

without common point that defines holomorphic map fx- The family of maps 
give rise to the family of curvatures 
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Fg = -ddlog ( \z - p a \ 2da Y, 


2=0 


4>k(z) 


Pa) 


= -cl a dd log\z - p a \ 2 - ddlog [y 

<f>K(z) 


2 = 0 


4>k(z) 


( Z—Pa) C 


-dd log y 


2=0 


Pa 


(5.6) 

The third equality is true because z p a and therefore dd log \z — p a | 2 = 0. The 
third line in (15.611 is defined on the entire U, which also agree with the curvature 
given by the extended metric function H' when d a points of K 0 ,..., K k converge 
to p a , and the proof is complete. 

□ 

Proposition 5.4. The norm function h defined in (14. 5 p , amended in Theorem 


4 . 4 , can be smoothly extended to a negative smooth function on TL r x E. 

Proof. The proof follows easily from Proposition 15.31 With the definition of pull¬ 
back Fubini-Study metric in mind, we examine the definition of h : TL r ,k xS->l 


h((f,z) = 


where if solves the equation 


2=0 


—e 2 ^- 


Eto Siifa)) 


E-=0 fa) 


2 ’ 


(5.7) 


A w i/( = Fff - Cl- 

One notes that in the second line of the definition of h , the fraction is in fact a 
well defined smooth function on as accumulations of common zeros appear 
simultaneously on the numerator and denominator with the same order. For 
the exponential term, we observe that since the curvature form can be smoothly 
extended to TL r ,k, so can if. Indeed, the solution to the Laplacian equation 

A^if' = V^-fA Ffj, - -»E-rA Ffj, 

satisfies the condition and extends the original if. Therefore, h is smoothly ex¬ 
tended to a nonzero smooth function on TL rt k X E. 
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□ 

Propositions 15.31 and 15.41 allow us to establish the convergence of metric func¬ 
tions of g* to g L 2 in all L p (l-i r k ). For each a, /3 E {1,... ,m}, we re-examine the 
formula of g* a g s : 

9a,p,s = X a ,p,s + Ya,P,s + Z a,P,s ^ C°°(U), 

where 


Xa,P,s 



dvoU 


(5.8) 


,/3,S 



(jie^ 3 ^ Ugdvols, 


(5.9) 


and 


Z a ,p, s = ^ <r, <f) H (-he*'} dvoh. (5.10) 

We now prove their expected convergence in L p {fH r>k ). The domains of all the 
functions and forms considered below are now defined on PL r ,k x £ unless otherwise 
specified. 


Proposition 5.5. For all a, (5, the functions 


Z a ,p,s = J (0°, 0 ^) H (-he ^ dvol s 

converge to 


/ {(j) a ,(j) P ) H dvolj: 

J s 

as s —» oo in L p (FL r)k ) /or all p. 

Proof. By the Main Theorem 3.4 in [L], the function —he Ps converges to 1 point- 
wise on FL r) k- Therefore, 

z aAs ^ [ <0“,0 /3 >h= [ , 

ds ds N ' h fs 

pointwise as s —> oo on FL r ^ k . 

To ensure the convergence in L p {FL rk ), we need appropriate bounds to ap¬ 
ply dominated convergence theorem. The bound is obtained from uniform es¬ 
timates of he Ps with the approximated solutions to Kazdan-Warner equations, 
constructed in [L] . 

For 


c(s) : = 2 J V^lAFfj — s 2 
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we define the approximated solutions 


with error functions 


v s ■= log 


(log(-h)^j - c(s) 


-s 2 h 


so that 


E s := log 




(5.11) 


(5.12) 


A u v s = —s 2 he Vs + E s (5.13) 

By Proposition 15.41 v s and E s are smooth on H r ,k x £. c(s) is constant on each 
connected component of H r ,k and may be treated as constant when differentiating 
with respect to any variable. These functions provide natural bounds for Z a ^ tS . 
Indeed, one observes that 


and therefore 


he ds = 


-A w (log(-h)) - c(s) 


— 


[ -he Vs vol s = < Ad, 

3 s 8 

where K\ is a uniform constant over H r ,k- Note that we have normalized the 
Kahler form of £ so that Vol(E) = 1. The difference between he^ s and he Vs 
is estimated uniformly using the maximum principal of A u . For each s and 
R G 'Hr, hi since f> s (R, •) — v s (R , •) is smooth on the compact set £, we may pick 
xf, yf e £ so that 


and 


<Ps(xf) - v„(x*) = sup {(p 8 {z) - v a (z)}, 
ze s 


The 

<Ps(.y?) - Vs(y?) = inf {(p B (z) - v„(z)}. 

maximum principle of A u then implies that 



A w (<p a - v s ) (xf) < 0, 

(5.14) 

and 

A w (<p a - v 8 ) (yf ) > 0. 

(5.15) 


Subtracting (15.131) from the Kazdan-Warner equations for <p s : 
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A^ s = -s 2 he^ s + c(s), 

(15.141) . (15. 150 . and the choices of xf,yf together then yield the estimates 


and 



{R, z) < 


E s 

(- -s 2 h) 



(R,z), 


(5.16) 


he*° - he* s ) (. R , z) > 


E s 


(s 2 h) 


(R,y?) 


he*') ( R,z ), 


(5.17) 


for all R G Fi r p- (See the proof of Theorem 3.4 in [Lj for the complete process.) 
Therefore, we have 



1 



E s 

he Vs - he Va 

y — sup 

he Vs 

sup 



s ri r ,h y - s 


w r ,k xn 

he Vs 


< k 2 , 


(5.18) 


where K 2 is again a uniform constant. This is possible since h 7 ^ 0 and for s large 
enough, he Vs and E s are smooth and uniformly bounded on R r ,k x S. We now 
possess sufficient estimates for the L p bound. For all p > 1, 


he (f>s dvoU 


I he Vs dvolz + J ( he lps — he Vs ) vol s 


< 


he v 


vol^ + 


< (ifi + if^ei 1 ^), 


since R r ,k is compact. Finally, the integral 


he Vs - he v 


dvoU 


(5.19) 


j {ip“,p) H dvok 

depends smoothly on variation of holomorphic maps and locations of zeros, and 
is uniformly bounded on It is now clear that \Z a ^ s \ p are uniformly bounded 
on and therefore an L 1 function on Dominated convergence theorem 

then applies to yield the conclusion of the proposition. 

□ 


The next desired convergence is 
Proposition 5.6. For each a,/3, the smooth functions 



(he Ps '^ Ugdvolz 
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converge to 0 as s oo in L p {fH rk ) for all p. 

Proof. We begin by differentiating Kazdan-Warner equation as well as the approx¬ 
imated equation with respect to the /3 th coordinate of PL r ,k- The /^-differentiation 
clearly commutes with since they are defined on different spaces. We obtain 
the following linearizations: 


and 


A^ipf = -s 2 (h a + hipf) e*‘, (5.20) 

A„vf = -s 2 (h a + hvf^j e 5s + Ef. (5.21) 


The /3-derivatives of v s and E s can be readily computed: 


and 




—s 2 h 

log(-h)) - c(s ) 


log( h) ^ -c(s) 
h 


(5.22) 


E? = 


-A„ 


els) 


(-log (-h)) 
£(») 


- log(-h) 


(5.23) 


One can readily verify that for s large enough, the fact that h is a smooth negative 
function on PL r . k x £ implies that both vf and Ef are \ times functions that 
are uniformly bounded on 'H r ,k X £, and therefore uniformly converge to 0 on 
PLr.k x £ as s —> oo. 

We then repeat the arguments of maximum principle as in the proof of Propo¬ 
sition 15.51 to the difference of equations (15.2011 and (15. 2 IK to obtain uniformly 
decaying bounds for <pf and vf. We find 




< sup 


Ef 


'h B (e p * - e^) + (he^ - he^ vf 


he^ a 


(5.24) 


Since h < 0 is smooth, h B is uniformly bounded on T-L rtk X £. By (j5. 18j) . we 
conclude that the fraction in the right hand side of (15.241) is uniformly bounded. 
Since Ef decays to 0 uniformly on PL r . k x £ as s —* oo, so does ipf — vf, which 
implies that ipf —> 0 uniformly as s —> oo since vf does. 

Recall the relation u s = | ip s + 'if, we then have 


uf —> i /r uniformly on PL r ,k x £ as s —> oo, (5.25) 

where if B is the solution to 


a w ^=(a/=ta F s y . 
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Since Fh is smooth on PL r .k x E, elliptic regularity ensures that 0^ is smooth and 
therefore uniformly bounded, and so is u^. Combining this fact with equation 

(4.28) in IQ, namely that (jie ^ —> 0 pointwise as s —» oo. We have thus shown 

that Y aj p tS —y 0 as s —» oo pointwise on Fi r ,k■ It remains to construct a uniform 
bound to apply the dominated convergence theorem to establish convergence in 
L p ('H r ,k), which follows clearly from straightforward computations: 

(he^y = (V + <pfj -X lim (h a + vf) e Cs , (5.26) 

uniformly on FL r ,k x S as s -I oo. Since every term in the limit is uniformly 
bounded over s, so is (jie Ps ^j . It follows that Y 0 ,p,s are uniformly bounded on 
Ti r ,k and dominated convergence theorem is applicable. 

□ 

Finally we show 

Proposition 5.7. For each a,/3, the smooth functions 


-^-(X.PyS 


A a + f d _K + 2d _^\ dz 


A * 


> +{ s i+ 2 ^) * 


2s 2 


converge to 0 as s —x oo in L p (fH) for all p. 


Proof. By Lemma 4.4 in [L] and the smooth extension of h, and are 

uniformly bounded, and are smooth on FL Tt k X £, independent of s, and 
therefore uniformly bounded. We need to, however, ensure that the integrals 


l a,P,s 


:= A a A* 


A 9 


and 


L a,(3,s 


: = A a A* 




dz 


are uniformly bounded on PL r ,k- The boundedness conditions ensure that the 
numerator of the integrand of X a> p )S are uniformly bounded and therefore decays 
to 0 uniformly as s —> oo. 

Recall that, for 0 G PL r ,ki 4l(0) is the unitary connection form with respect to 
the metric <f*Hps■ If is locally given by the (1,0) form 


iw = d'(logff(0)), 


where 
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is a smooth real function defined over a precompact coordinate neighborhood 
U C E. Using partition of unity to piece together these local expressions, we 
then have, 


t 1 


'S L 


d! (log H 


A 


d" 


i (log h) 

log ay d'd" (log 


A d" ( log H 


H 


H 

P 

P 


log H) FP, 


(5.27) 


where F 13 is the /3-derivative of the curvature (l,l)-form of A. The indices a,/3 
commute with integration and exterior derivatives since they are operators de¬ 
fined independently on different spaces. The third equality follows from Stoke’s 
theorem. We observe that F 13 extends smoothly to a two form on E depending 
smoothly on 'H r ,k , and therefore J v F' 3 is a uniformly bounded function on T-Lr^- 
log if, however, might blow up near the boundary of 'H r ,k- Nevertheless, we claim 
that the function 


is uniformly bounded on T-L r ,k- 


(log fi) 


voU 


Indeed, the singularities of the function 


(5.28) 


log (eU Al 2 ) 

are precisely the common zeros of the <f>i s that develop near the boundary of 'H r ,k. 
In the coordinate description of 'H r ,k given in (I2.2|h it corresponds to condition 
that for some a, every </h vanishes at w a with order m l a > 0. Let m a be the 
minimum of these orders. Fix a open neighborhood U C E around w a such that 
for all i, \(j)i\ = \z — w a \ ma fi, where /* is a nonvanishing smooth function on U. 
We then rewrite 


log H = log 


£i=o l&l 


= m a log 


z - w n 


+ G, 


where G is a smooth function on T-L r ,k x U. Differentiating with respect to w 0 
and taking the norm, we have 


/ ~ \ “ 


(logii) 

= 


1 — G a (z — w n 


Z - W n 


(5.29) 
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which is integrable over U, using polar coordinate, and the integral depends 
smoothly on w a , the location of common zeros for (pfs. We conclude that there 
is a constant Ku such that 




dvoly < Kjj 


holds on all PL r ,k- Since E is compact, we conclude that 


(5.30) 




dvoly 


is uniformly bounded over ' H r ,k- This proves the claim. 

From the claim and the uniform bound of ff F@, we conclude that for all a, f3, 
laps are uniformly bounded, over s, on 'H r ^ X E. In fact, since 


dl fs + 2 <N> P 


dz 


dz 


are uniformly bounded on T~L r ,k x E, estimate on J v 
that la p s are uniformly bounded for all a, (3, s. 



dvoly, also shows 


□ 


The main theorem is now an immediate consequence of the analytic results we 
have established. 


Proof, (of the Main Theorem \5.1\\ 

In terms of local representations of metrics on coordinates (w i,..., w m ) on W, 
the volume forms for each s is 


dvol* s = det(gf p^ s )dwi A • • • A dw m . 

From Propositions 15.5113T71 it follows that det (g a ,p, s )* converge to det(g L 2 a p) in 
all L p (T-L r k ) , and therefore L p ('H r ^)- 

Covering PL r \k by local coordinate patches {W}, there is a smooth partition of 
unity {f^u} subordinate to this covering. The L 2 volume of PL r ,k is then 
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Vol U r , = 


dvolp 2 


' Hr,k 


dvol L 2 

u Ju 

E fru / lim dvol* 


u 


E ^u lim 

s —^OO 

u 

Yju lim 

* .s—Voo 


dvol* 


<u 


dvol* 


u 

lim 

s—>-oo 


dvoL 


y fc+l,o( s ) 


(5.31) 


(I5.3ip then allows us to take the limit of the volume of i,o( s ) given by (15.11) as 
s —» oo. Since the volume of S is normalized to be 1, we have proved the validity 
of the formula. 

□ 


One might notices that the extension of the metrics and curvature forms over 
the boundary of H r j-, lowers the topological degree of the pullback line bundle 
<p*0(l). In fact, we have experimented the bubbling phenomenon in the elemen¬ 
tary settings. The author is eager to explore generalization of this result to more 
general cases, such as the one posed in m- 
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